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Abstract 

We describe Steiner loops of nilpotency class two. 


1 Introduction and Preliminaries 

A loop is a set L with a binary operation • and a neutral element 1 G A, such 
that for every a,b ^ L the equations a ■ x = b and y ■ a = b have unique 
solutions. 

The center of a loop L is an associative subloop Z{L) consisting of all 
elements of L which commute and associate with all other elements of L. A 
loop L is m/pofenf if the series L, L/Z{L), [L/Z{L)]/Z[L/Z{L)] ... terminates 
at 1 in hnitely many steps. In particular, L is of nilpotency class two if 
L/Z{L) 7 ^ 1 and L/Z{L) 7 ^ 1 is an abelian group. For x,y,z G L, dehne 
the associator {x,y,z) of x,y,z by {xy)z = {x{yz)){x,y, z). The associator 
subloop A{L) of L is the smallest normal subloop H of L such that L/H is a 
group. Thus, A{L) is the smallest normal subloop of L containing associators 
(x, y, z) for allx, y,z E L. 

A Steiner triple system is an incidence structure consisting of points and 
blocks such that every two distinct points are contained in precisely one block 
and any block has precisely three points. A hnite Steiner triple system with 
n points exists if and only if n = 1 or 3 {mod 6 ) (cf. [ 6 ], V.1.9 Dehnition). 

A Steiner triple system © provides a multiplication on pairs of different 
points X, y taking as product the third point of the block joining x and y. 
Dehning x ■ x = x, we get a Steiner quasigroup associated with ©. Adjoining 
an element e with ex = xe = x, xx = e, we obtain a Steiner loop S, see 
below. Conversely, a Steiner loop determines a Steiner triple system whose 
points are the elements of S' \ e, and the blocks are triples {x, y, xy} where 
x,y e X ^ y. 
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A totally symmetric loop of exponent 2 is called Steiner loop. Steiner 
loops form a Schreier variety; it is precisely the variety of all diassociative 
loops of exponent 2. Steiner loops are in a one-to-one correspondence with 
Steiner triple systems (see in [2] p. 310). 

Since Steiner loops form a variety, we can deal with free objects. More¬ 
over, according to [3] , we have the following. Let X be a hnite ordered set and 
let WiX) be a set of non-associative X-words. The set Wit) has an order, >, 
snch that v > w ii and only if |n| > |t(;| or |n| = |t(;| > 1, n = ^ 1 ^ 2 , w = W 1 W 2 , 
vi > w\ or v\ = wi,V 2 > W 2 . Next, we dehne the set S'(X)* C 1T(X) of 
S-words by induction upon the length of word: 

• X C ^(X)*, 

• wv G S{X)* precisely if, G S'(X)*, |n| < |w|, v ^ w and if w = 
Wi ■ W2, then V 7^ Wi, {i = 1,2). 

On S'(X) = S'(X)* U {0} we dehne a multiplication ( still denoted by •) in the 
following manner: 

1 . V ■ w = w ■ V = vw if vw G S'(X), 

2. (vw) ■ w = w ■ {vw) = w ■ {wv) = {wv) ■ w = V, 

3. n • n = 0. 

A word v{xi,X 2 , ...yXn) is irreducible if n G S{X)*. The set S'(X) with the 
multiplication as above is a free Steiner loop with the set of free generators 

X. 

In what follows we discuss Steiner loops of nilpotency class 2. 


2 Centrally nilpotent Steiner loops of class 2 

Let S'(X) > S'i(X) > S' 2 (X) > ... be a central series of the free Steiner loop 
S'(X) with free generators X = {xi,..., x„}. Then V = S{X)/Si{X) is an F 2 - 
space of dimension n := |X|. Given cr = {A < '*2 < ••• < A} A In dehne the 
corresponding element a = {{{xi.^Xi.^)xi^)...Xi^) of *S'(X). Hence {a\a C /„} is 
a set of representatives of S'(X)/S'i(X). Determine a set of representatives of 
Z = S,{1)/S2{X). 

Set Lf he & central extension of F 2 -spaces V and Z in the variety of 
Steiner loops. It is well known that Lj is a central /-extension of Z by F if 
and only if Lis isomorphic to a loop dehned on F x Z by the multiplication 

(Ul, Zi) O (^2, Z2) = (Ul + V2, f{vi, V2) + - 1 - Z2). ( 1 ) 
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Here f : V x V — > Z is a cocycle, that is, a map satisfying 

f{0,Vi) = 0, f{vi,Vi) = 0, f{vi,V 2 ) = f{v 2 ,Vi), f{vi+V 2 ,V 2 ) = f{vi,V 2 ) (2) 

for all vi,V 2 G V. Denote by Z‘^(y,Z) the set of all cocycles. Next, let 
C^(V, Z) be the set of all functions g : V —)■ Z and S : C^(V, Z) —> Z'^iV, Z) 
such that 

Si9)ivi,V2) = givi +V 2 ) +givi) + giv2). 
for all vi,V 2 G V. Let 

B^{y,Z) = 5{C^{V,Z)) 

and 

H^{V, Z) = Z\V, Z)/B^{V, Z). 

Lemma 1 Central extensions and Lf^ corresponding to different cocycles 
/i and f 2 are isomorphic if and only if fi = f 2 in Z). 

Proof. The map ip = {pi,p2) ■ Lf^ —)■ L/ 2 , with pi{v,z) = v and 
Pi{v,z) = z + g{v), determines an isomorphism if and only if fi{vi,V2) = 
f2{vi,V2) + g{vi+V2) + g{vi) + g{v2), i.e., /i = /s inH'^{V,Z). This is because 

p{{vi, zi) o (^2, Z2)) = (ui + V2, fi{vi,V2) + Z1 + Z2 + g(vi + ^2)) = 

K + V 2 , f 2 (Vl,V 2 ) +Z 1 +Z 2 + g(vi) + g(v 2 )) = p(vi, Zi) o p(v 2 , Z 2 ). 


Let {ui,..., Un} be a basis of V over F 2 ; as usually, we can identify V with 
Pn - the set of all subsets of In- Consider a subset Zq(V,Z) C Z^(V,Z), 
where / G Zq(V, Z) if and only if f{a, i) = 0, i > max((T), a G Pn = V. 

Lemma 2 Z^{V, Z) = Z^{V, Z) © B'^iV, Z). 

Proof. First, consider the case when / G Zq(V,Z) fl B‘^{V,Z) Then 
f = d{g), and for any a E Pn and i such that i > max((T) we have 

/(© i) = 9 {(^ U f) + g{a) + g{i) = 0. 

Then g{a) = Eiea^(*)- Hence, 

/(© r) = giaAr) + g{a) + ^(r) = ^ g{i) + ^g{i) + 

i£a/\T iGa iGr 

= 3{i) + Y + Y + Y + Y 

iGcF\T 2Et\(J iGcrnr iGcr\T iGrClcr iGT\a 
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Now, suppose / G Z). For a = {ii, ...,ik) we define = (ii,ig-i), 

s > 1, and g{a) = X]s =2 assuming |(t| > 1, g{i) = 0. Then 
/ + S{g) G Z^o(V, Z). Indeed, if i = i^+i > ik = niax(a) then 

(/ + i) = i) + U i) + g{a) + g{i) 

fc+l k 

= *)+X] ^s) + 

s=2 s=2 

as = a and ik+i = i. This yields that / + S{g) G Z^o(V, Z) completing 
the proof of the lemma. ■ 

We call a pair (a,r) regular if and only if |(t| + |r| < |(t| + |(TAr| and 
+ kl < kl + lo'Arl or |(t| + |r| = |(t| + |(jAr| but min((TAr) < min(r \ a). 
(Here and below A stands for the set-theoretical difference.) Note, that if 
^ ^ a ^ T ^ ^ then precisely one of the pairs (a, uAr), (u, r), (aAT,T) is 
regular. A regular pair is called strongly regular if |(t| > |r| > 1 or |(t| > 
|r| = 1 but i < max((T), where r = {i}. 

Lemma 3 The number of elements of the set of all non-ordered strongly 
regular pairs (a, r) is 

l(22n-i + 1) _ 3.2^-1 + n + 1. 
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Proof. Let P be the set of all non-ordered pairs (u, r). Then P = PqUPi, 
where Pq = {(o', o')|(T C /„} and Pi = {(a, r)|(T 7 ^ r C A}. Then Pi = P2UP3 
where P 2 = {(a, 0)|0 7 ^ a C A}, P 3 = {(a, r)|r 7 ^ a 7 ^ 0 C A}- It is easy 
to see that pairs (uAr, r) and (uAr, a) are contained in Pq U P 2 or in P 3 if 
((T,r) is contained in P0UP2 or in P3, respectively. Since |Pi| = 2"'“^(2”'— 1 ), 
IP2I = 2 ” - 1 and P2 n P3 = 0, we get that IP3I = ( 2 ^ - - 1 ). It 

means that the number of regular pairs equals ^(2^^ — 1 )( 2 "'“^ — 1 ). 

If pair (a, r) is regular but not strongly regular then r = {i}, i > max(a). 
Hence, for a given i we have exactly (2*“^ —1) regular but not strongly regular 
pairs. Then the number of strongly regular pairs equals 

1 ” 

i=2 

= -(2" - 1)(2"-^ - 1) - 2” + n + 1 
3 

= 1(22^-i + 1) - 3 ■ 2”-^ + n + 1. 
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Theorem 4 The union of sets 


{(z, cr \ i, r)|(cr, r) strongly regular a fl r = 0, i = max{a Ur)} 


and 

{(z, cr, r)|((j, r) strongly regular, i = max{ar\T)}. 

is a basis ofF 2 -space S'i(X)/S' 2 (X), 

Moreover, 

dimF,(^i(X)/^ 2 (X)) = + 1) - 3 ■ 2"-' + n + 1, 

where n := |X|. 

Proof. We have the following relation involving associators: 

(a, /i, r) = f{a, /r) + /(/x, r) + /(aA/x, r) + /(a, /xAr). (3) 

Let (cTjT) be a strongly regular pair, with |(t| > |r|. We will use induction in 
r := |ct| + |r| and set i = max{a U r) G cr. Then by virtue of ([3]) we obtain 

(x, a\i, t) = f{i, a\i) + f{a\i, r) + /(a, r) + f{i, (aV) Ar) 

= /((^Va) + f{(r, t). 

Furthermore, by induction set Pq = {(b cr\b 'r)|(c’', t) — strongly regular, a fl 
r = 0} forms a basis of Q := {/(cr, r)|(cr, r) — strongly regular, cr fl r = 0}. 

Set Pi = {(x, cr, r)|(cr, r) — strongly regular, x = max(cr fl r 7 ^ 0)} then Pi 
is a basis of Q. ■ 

Note that there are exactly 80 non-isomorphic Steiner triple systems of 
order 15. Moreover, there is only one nilpotent non-associative Steiner loop 
Fie of order 16 (cf. [5]), and it corresponds to the system N.2 in |1] p. 19. 
Furthermore, S'le has the GAP code SteinerLoop(16, 2); the label 2 indicates 
the system order as in the list established in monograph | 1 ]. 

Take S' 7 v(X) where X = {xi,X 2 ,x^} is the 3-generated free Steiner loop 
of nilpotency class 2 and let Z = ((^i,^ 25 ^ 3 )) be a center of Sjqit). Then 
5 'i 6 = *S'Ar(X)/Zo, where Zq (Z Z = {{zi,Z 2 ,zz)) is an elementary abelian 
2-group of order 4. Moreover, Aut(S'Ar(X)) = GL‘i{F 2 ) ■ Z where Z = ((p : 
Xi —> Xiti), ti E Z, {i = 1,2,3). Since GL 3 (F 2 ) acts transitively on the set of 
all 2-dimensional F 2 —subspaces of Z ~ F|, there exists a unique factor loop 
Sn(X)/Zq, where Zq is an elementary abelian 2-group of order 4. This fact 
conhrms that there exists a unique nilpotent non-associative Steiner loop of 
order 16. 
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